
AIAA JOURNAL, VOL. 37, NO. 9: TECHNICAL NOTES 1135

5Havener, G., and Stepanek, C., “Aero-Optical Testing Capabilities at
AEDC,” AIAA Paper 92-0760, Jan. 1992.

6Weinstein, L. M., “Large-Field High-Brightness Schlieren Systems,”
AIAA Journal, Vol. 31, No. 7, 1993, pp. 1250–1255.

7Gartenberg, E., Weinstein, L. M., and Lee, Jr., E. E., “Aerodynamic
Investigation with Focusing Schlieren in a Cryogenic Wind Tunnel,” AIAA
Journal, Vol. 32, No. 6, 1994, pp. 1242–1249.

8Hughes, T. P., Plasma and Laser Light, Wiley, New York, 1975.
9Weinstein, L., Stacy, K., Vieira, J., Haering, Jr., E., and Bowers, A.,

“Imaging Supersonic Aircraft Shock Waves,” Journal of Flow Visualization
and Image Processing, Vol. 4, No. 3, 1997, pp. 189–199.

10Liepman, H. W., and Roshko, A., Elements of Gas Dynamics, Wiley,
New York, 1967, pp. 157–162.

11Kafri, O., and Glat, I., The Physics of Moire Metrology, Wiley, New
York, 1989.

R. P. Lucht
Associate Editor

Free Vibrations of Orthotropic
Cylindrical Shell on Elastic Foundation

D. N. Paliwal¤ and Satyendra Singh†

Motilal Nehru Regional Engineering College,
Allahabad 211 004, India

Nomenclature
C1; C2; C3 = vibration amplitude constants in axial, tangential,

and radial directions, respectively
E1; E2 = Young’s moduli in x and Á directions, respectively
G = shear modulus
G12 = modulus of rigidity associated with principal

material directions
NG = nondimensional shear modulus, G.1 ¡ º12º21/=E1h
h = shell thickness
K = foundation modulus
L = length of cylindrical shell
m = number of axial half-waves
n = number of circumferentialwaves
R = radius of middle surface of the shell
t = time coordinate
U; V; W = natural vibrational modes in the longitudinal,

circumferential, and radial directions, respectively
u; v; w = displacement components of the middle surface in

axial, circumferential, and radial directions,
respectively (w-positive inward)

®2 = E2=E1

¸ = axial wave parameter, ¸¤ R D m¼ R=L
¸¤ = wave parameter, m¼=L
N¹ = nondimensional foundation parameter,

K R2.1 ¡ º12º21/=E1h
º12; º21 = Poisson’s ratios in x and Á directions, respectively
½ = mass density of structural material
Ä = dimensionless frequency parameter
! = angular frequency

Introduction

C YLINDRICAL shells that have continuousand thorough con-
tact with an elastic medium, solid or liquid, either on an outer

or inner surface are considered as cylindrical shells on an elastic
foundation. Such components and structures are often subjected
to dynamic loads. Flow-induced vibrations in heat exchangers and
pipelines, wave loading on submarines, vibrations of fuel-� lled
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droptanks of � ghter aircraft, underground and under-sea pipelines,
and tunnels and semicircular roofs of undergroundaircraft hangers
subject to seismic forces, nuclear explosions, and other blasts are
some of the numerous examples.

Signi� cant contributionshavebeenmade in the � eld of vibrations
of cylindrical shells in general.1¡3 However, vibrationsof isotropic
shells on elastic foundations have been studied only recently.4;5

Herein, the authors investigate the vibrations of an orthotropic
cylindrical shell on an elastic foundation using membrane theory,
inasmuch as the effect of the h=R ratio on the eigenfrequenciesof
thin cylinders is insigni� cant. Response of elastic media is repre-
sented by Winkler and Pasternak foundation models (see Ref. 6).
Winkler representedan elastic foundationby a set of closelyspaced,
independent linear springs. Pasternak interconnected these springs
through a shear layer made of incompressiblevertical elements.

Analysis
Equations of motion for natural vibration of orthotropic circular

cylindrical shell resting on a Pasternak foundation are as follows:
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Assuming that the cylindricalshell is simply supportedat both ends,
that is, u.0/ D 0, the general solution of Eq. (1) can be given by
considering the boundary conditions in the form7

u D U .x/ cosnÁ cos!t; v D V .x/ sin nÁ cos !t

w D W .x/ cos nÁ cos !t (2)

where U; V ; and W can be expressed as

U D C1 cos¸¤x; V D C2 sin ¸¤x; W D C3 sin ¸¤x (3)

By the substitutionof solutions (2) and (3) into partialdifferential
equations (1), the three algebraic equations are obtained as
¡
Ä2 ¡ H1

¢
C1 C n¸[º21 C .G12=E1/.1 ¡ º12º21/]C2 ¡ º21¸C3 D 0

n¸
£
.G12=E1/.1 ¡ º12º21/ C ®2º12

¤
C1

C
¡
Ä2 ¡ H2

¢
C2 C ®2nC3 D 0

¡º12¸®2C1 C ®2nC2 C
¡
Ä2 ¡ H3

¢
C3 D 0 (4)

For a nontrivial solution, the determinant of the coef� cients of
C1; C2, and C3 must be zero.This yields the followingbicubicequa-
tion for eigenfrequencies:

NÄ3 ¡ NÄ2.H1 C H2 C H3/ C NÄ
£
.H1 H2 C H2 H3 C H3 H1/

¡ ®4n2 ¡ º12º21¸
2®2 ¡ n2¸2 P1 P2

¤
¡

£
H1 H2 H3 ¡ n2®4 H1

¡ n2¸2 P1 P2 H3 ¡ º12º21¸2®2 H2

¡ º12n2¸2®4 P2 ¡ º12n2¸2®2 P1

¤
D 0 (5)
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Fig. 1 Variation of least eigenfrequency with respect to axial wave parameter ¸ and nondimensional foundation parameter Å¹.

Fig. 2 Variation of highest eigenfrequency with axial wave parameter ¸ and nondimensional foundation parameter Å¹:

where

P1 D
G12

E1
.1 ¡ º12º21/ C º12®

2

P2 D
G12

E1
.1 ¡ º12º21/ C º21

H1 D n2 G12

E1
.1 ¡ º12º21/ C ¸2

H2 D ¸2 G12

E1
.1 ¡ º12º21/ C ®2n2

H3 D ®2 C N¹ C NG.¸2 C n2/; Ä2 D ½.1 ¡ º12º21/

E1

¢ !2 R2

and NÄ stands for Ä2. From the bicubic eigenfrequency equa-
tion, it can be concluded that the eigenfrequencies of an or-

thotropic cylindrical shell depend on two mode numbers, that is,
n, which controls the vibrational modes in circumferential di-
rection of shell, and ¸, which controls the vibrational modes in
longitudinal direction. Equation (5) yields for each set of values
of the axial and circumferential wave parameters, the nondimen-
sional foundation modulus, and the nondimensional shear modu-
lus, three frequencies that correspond to motion that is predomi-
nantly radial (lowest eigenfrequency), predominantly axial (largest
eigenfrequency), and predominantlycircumferential(middle eigen-
frequency).

Discussion
Figures 1–3, for n D 0, show that the nondimensional Winkler

foundation modulus N¹ affects the three eigenfrequencies (Ä1, Ä2;
and Ä3 ) within that range of axial wave number ¸, in which they
represent the radial mode of vibration. The characteristicsare very
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Fig. 3 Variation of middle eigenfrequency with respect to axial wave parameter ¸ and nondimensional foundation parameter Å¹:

Fig. 4 Variation of eigenfrequencies for n = 0 and 1:

similar to those of an isotropic cylindrical shell on an elastic
foundation.4 Figure 4 shows Ä vs ¸ curves for n D 0 and 1. For
n D 1, the variation of the eigenfrequency Ä1 with ¸ is the same
for isotropic and orthotropic shells4; however, the variation of Ä2

and Ä3 with ¸ do not match for isotropic4 and orthotropiccylinders
in the range ¸ D 0–1. The in� uence of the nondimensional shear
modulus NG of the Pasternak foundation on three eigenfrequencies
is shown in Fig. 5. As soon as NG is increased to 1, 2, or 3, Ä2 jumps

to the value of Ä3 meant for the Winkler foundation ( NG D 0) while
Ä3 jumps to the value of Ä1 meant for the Winkler foundation.Fre-
quency curves (for n D 0) for cylindersmade of undirectionalglass,
undirectional carbon, Kevlar, and fabric, shown in Fig. 6, reveal
that the largest eigenfrequencyÄ1 remains unaffectedby the elastic
moduli ratio (E1=E2 ), whereas the middle frequency Ä3 and the
lowest frequency Ä2 decrease with the increase in elastic moduli
ratio.
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Fig. 5 Variation of eigenfrequencies with axial wave parameter ¸ for different nondimensional foundation parameters ÅG.

Fig. 6 Variation of eigenfrequencies with axial wave parameter ¸ for various moduli ratio for Å¹ = 0:35.
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Conclusion
1) The foundation parameters N¹ and NG play an important role in

the dynamiccharacteristicsof orthotropiccircularcylindricalshells.
2) The foundationmodulus K considerably in� uenced the radial

vibration frequency, whereas longitudinal and torsional vibration
mode frequencies remained unaffected.

3) The foundation shear modulus G affects all three vibration
frequencies; however, its in� uence on the radial vibration mode is
much more pronounced.

4) The change in elastic moduli ratio affects radial and torsional
frequencies only; the longitudinalmode remains unaffected.

5) Vibrational characteristics are greatly in� uenced by the shell
geometry.

6) An interesting feature of the axisymmetric case is that the
torsionalfrequencyis always less than the axial vibrationfrequency.
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